In this paper, we investigate a class of nonlinear impulsive stochastic differential evolution equations with infinite delay in Banach space. Based on the Krasnoselskii's fixed point theorem, sufficient conditions of the existence of the square mean piecewise almost periodic solutions to this type of equations are derived. Moreover, the exponential stability of the square mean piecewise almost periodic solution is investigated.
Introduction
Stochastic modeling has come to play an important role in describing the phenomena which are influenced by some random factors. In the past decades, the qualitative properties such as existence, uniqueness and stability for stochastic differential systems have been investigated in [1, 2, [4] [5] [6] [7] [8] and the references therein. The concept of quadratic mean almost periodicity was introduced in [9] . In [9, 10] , Bezandry and Diagana investigated the existence and uniqueness of a quadratic mean almost periodic solution to the stochastic evolution equations and a non-autonomous semilinear stochastic differential equation, respectively. It is well known that impulsive phenomena are frequently encountered in a variety of dynamic systems such as nuclear reactors, chemical engineering systems, biological systems and population dynamic models. In [11] , Liu and Zhang introduced the concept of square mean piecewise almost periodic for impulsive stochastic process, they proved the existence and uniqueness of the square mean piecewise almost periodic solution by using the theory of the semigroups of the operators and the Schauder fixed point theorem.
Meanwhile, they discussed the exponential stability of mild solution.
Li, Liu and Luo investigated the existence and uniqueness of quadratic mean almost periodic mild solutions for a class of stochastic functional evolution equations with infinite delays with the aid of semigroups of operators and the fixed point method of contracting mapping in [12] .
Motivated by the above works, we consider the existence and stability of the square mean piecewise almost periodic solution of the following stochastic impulsive differential equation.
d[x(t) − G(t, x t , x t )] = [Ax(t) + f (t, x t , x t )]dt + g(t, x t , x t )dw(t), t ∈ R, t = t i , △x(t i ) = I i (x(t i )), i = 1, 2, . . . , x σ = ϕ ∈ B. By using the Krasnoselskii-Schaefer fixed point theorem (see [13] ) and the theory of the semigroup of the operators (see [15] ), we get the existence and uniqueness of the square mean piecewise almost periodic solution. Moreover, by using the method appearing in [11] , we obtain the exponential stability of the square mean piecewise almost periodic solution of (1.1). The problem (1.1) reduced to the abstract form as in [12] when △x(t i ) = 0 ( the impulsive phenomenon does not exist). However, the condition that ensure the existence of the square mean piecewise almost periodic solution is different. We are not aware of any results in the literature that solves problem (1.1), this is the first time to consider the existence and the uniqueness of the square mean piecewise almost periodic solution for (1.1).
The remainder of this paper is organized as follows. In Section 2, we give some preliminaries which are used in this paper. In Section 3, we give some criteria to ensure the existence and the uniqueness of the square mean piecewise almost periodic mild solution. In Section 4, we discuss the exponential stability of the square mean piecewise almost periodic mild solution.
Preliminaries
Let (Ω, F, P ) be a complete probability space equipped with some filtration {F t } t≥0 satisfying the usual conditions, i.e., the filtration is right continuous and increasing while F 0 contains all P -null sets. H, G be two real separable Hilbert spaces. < ·, · > H , < ·, · > G denote the inner products on H and G, respectively. And | · | H , | · | G are vector norms on H, G. Let L(G, H) be the collection of all inner bounded operators from G into H, with the usual operator norm · . The symbol {w(t), t ≥ 0} is a G valued {F t } t≥0 Wiener process defined on the probability space (Ω, F, P ) with covariance operator Q, i.e.
where Q is a positive, self-adjoint and trace class operator on K. In particular, we regard {w(t), t ≥ 0} as a G valued Q wiener process related to {F t } t≥0 (see [4, 13] ), and w(t) is defined as
where β n (t) (n = 1, 2, 3, . . .) is a sequence of real valued standard Brownian motions mutually independent on the probability space (Ω, F, P ), let λ n (n ∈ N) are the eigenvalues of Q and e n (n ∈ N) are the eigenvectors of λ n corresponding to λ n . That is Qe n = λ n e n , n = 1, 2, 3, . . . .
In order to define stochastic integrals with respect to the Q wiener process w(t), we introduce the subspace G 0 = Q 1/2 (G) of G which, endowed with the inner product, 
Clearly, for any bounded operator ψ ∈ L(G, H), this norm reduces to ψ 2
Let Φ : (0, ∞) → L 0 2 be a predictable and F t adapted process such that
Then we can define the H valued stochastic integral
which is a continuous square-integrable martingale ( [14] ). The collection of all strongly measurable, square-integrable and H-valued random variables satisfying Ω x dP < ∞, which is denoted by
In the following,
Let T be the set consisting of all real sequence {t i } i∈Z such that γ = inf
is stochastically continuous at t for any t ∈ (t i , t i+1 ) and
In this paper, we assume that the phase space B is a linear space formed by functions mapping
formed by functions with compact support and φ n → φ in the compact open topology, then φ ∈ B and φ n − φ B → 0, as n → ∞.
Definition 2.3. A number τ is called a ǫ-translation number of the function
be the set of all ǫ-translation numbers of φ.
) is said to be square mean piecewise almost periodic if the following conditions are fulfilled.
(1) {t
is equipotentialy almost periodic, that is , for any ǫ > 0, there exists a relative dense set Q ǫ of R such that for each τ ∈ Q ǫ there is an integer q ∈ Z such that
(2) For any ǫ > 0, there exists a positive number δ = δ(ǫ) such that if the points t and t ′ belong to a same interval of continuity of φ and
We denote by AP T (R, L 2 (P, H)) the collection of all continuous and uniformly bounded squaremean piecewise almost periodic processes, it is a Banach space with the norm
) is said to be square-mean piecewise almost periodic in t ∈ R and uniform on compact subset of L 2 (P, H) × B if for every
uniformly for t ∈ R, then for any ǫ > 0, there exists a number
where
By square mean piecewise almost periodic of f , x(t) and x t , there exists a relative dense set Ω(ǫ) of R such that the following conditions holds
3)
Combining (2.2),(2.3) and (2.4) it follows that
Obviously the uniform continuity is weaker than the Lipschitz condition. Then we get the following Corollary. H) ) and there exists a positive number M f such that for all t ∈ R and (
, and {t
Then for each ǫ > 0, there are relative dense sets Ω ǫ,f,x i of R and Q ǫ,f,x i of Z such that the following conditions hold.
(ii) x i+q − x i L 2 (P,H) < ǫ for all q ∈ Q ǫ,f,x i and i ∈ Z.
(iii) For every τ ∈ Ω ǫ,f,x i , there exists at least one number q ∈ Q ǫ,f,x i such that |t
To prove our results, we need the following notations. Let h : R → R be a continuous function such that h(t) ≥ 1 for all t ∈ R and h(t) → ∞ as t → ∞. We consider the space
which endowed with the norm u h = sup t∈R
, is a Banach space. H) ) is a relatively compact set if and only if
(2)B(t) = {x(t) : x ∈ B} is relatively compact in L 2 (P, H) for every t ∈ R.
(3)The set B is equicontinuous on each interval (t i , t i+1 ) (i ∈ Z).
The following Krasnoselskii's fixed point theorem appearing in [17] . 
Existence result
In this section, we aim to give some sufficient conditions which guarantee the existence and the uniqueness of the almost periodic mild solution for system (1.1).
(c) for any t ∈ (t i , t i+1 ], x(t) satisfies the following integral equation:
(3.7)
In order to get the existence of square mean piecewise almost periodic solution of system (1.1),
we introduce the following assumptions.
(A1) The operator A : D(A) ⊆ H → H is the infinitesimal generator of an exponentially stable 
where L is an arbitrary positive number.
(A3) There are two constants α ∈ (0, 1),
, and for any (
We further assume that G(t, 0, 0) ≡ 0 for all t ∈ R.
(A4) Let {x n } ⊆ AP T (R, L 2 (P, H)) be uniformly bounded in R and uniformly convergent in each compact set of R, then f (t, x n (t), (x n ) t ) is relatively compact in P C(R, L 2 (P, H)).
Since T (t − σ) ≤ M e −δ(t−σ) , for all t ≥ σ, let σ → −∞ then we have T (t − σ) → 0, and the above (3.7) can be replaced by
(3.8)
and there is a positive
, then (1.1) has a unique square mean almost periodic mild solution.
We aim to show that the operator Φ has a fixed point on B, which implies (1.1) has a unique square mean almost periodic mild solution. To this end, we decompose Φ as Φ = Φ 1 + Φ 2 , where Φ 1 , Φ 2 are defined on B, respectively, by
Our proof will be split into the following three steps.
Step 1. In what following, we prove that for any x, y ∈ B, Φ 1 x + Φ 2 y ∈ B.
Then by using the elementary inequality |a + b| 2 ≤ 2(a 2 + b 2 ), we can show that 11) then substituting (3.11) into (3.10) yields that
By (A2) and Lemma 2.1, we know that G(t, x(t), x t ) and f (t, x(t),
} is almost periodic. According to Lemma 2.4, for every ǫ > 0, there exist relatively dense sets Ω ǫ,G,f,g,I i of R and Q ǫ,G,f,g,I i of Z such that for
(3.14)
Combining (3.12) (3.13) and (3.14), it follows that for any x, y ∈ B, Φ 1 x + Φ 2 y ∈ B.
Step 2. We show that Φ 1 is a contraction.
Let x, y ∈ B, then for each t ∈ R, we have
By the condition [ (−A)
, we see Φ 1 is a contraction on B.
is a compact subset B 0 ⊆ L 2 (P, H) such that x n (t), x(t) ∈ B 0 for all t ∈ R, n ∈ N; here we assume B ⊆ B 0 . By (A2) for any given ǫ, there exists δ ′ > 0 such that when (x,x), (y,ỹ) ∈ B 0 and
For the above δ ′ , there exists n 0 such that
for n > n 0 and t ∈ R, then
Since {T (t) : t ≥ 0} is a C 0 -semigroup, there exists µ < min{r,
}. An application of the Cauchy-Schwarz inequality, we get
Therefore, for x ∈ B and
which shows that {Φ 2 x : x ∈ B} is equicontinuous at each interval (t i , t i+1 ) (i ∈ Z).
Claim 2. {Φ 2 x : x ∈ B} maps B into a precompact set in B. That is, for each fixed t ∈ R, the
Since {Φ 2 x : x ∈ B} is bounded and T (ǫ) is compact, {Φ ǫ 2 x(t) : x ∈ B} is a relatively compact subset of L 2 (P, H). Moreover, for ǫ is small enough and the points t and t − ǫ belong to the same interval of continuity of x, we can derive
so the set V (t) = {Φ 2 x(t) : x ∈ B} is precompact in B for each t ∈ R. Since {Φ 2 x(t) : x ∈ B} ⊆ (P C) 0 h (R, L 2 (P, H)) and {Φ 2 x : x ∈ B} satisfies the conditions of Lemma 2.5, the operator Φ 2 is completely continuous. By the Krasnoselskii's fixed point theorem, we know that Φ has a fixed point x ∈ B; that is (1.1) has a square mean piecewise almost periodic solution x(t).
Corollary 3.2. Suppose G, f ∈ AP T (R×L 2 (P, H)×B, L 2 (P, H)), g(t, ·, ·) ∈ AP T R×L 2 (P, H)× Proof. As the discussion in Theorem 3.1, Φ 1 is a contracting mapping. We only need to show Φ 2 is a contraction. For x, y ∈ B, 
So when 4[ (−A)
1−e −δr < 1, by the contraction mapping principle, Φ has a unique fixed point x(t), which is the square mean almost periodic solution of (1.1).
Stability
In this section , we consider the exponential stability of the piecewise almost periodic solution of system 1.1. We first prepare a Lemma.
